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Abstract 



In the presence of a background supergravity flux, N M2-branes will expand via 
the Myers eff'ect into M5-branes wrapped on a fuzzy three-sphere. In previous 
work the fluctuations of the M2-branes were shown to be described by the five- 
dimensional Yang-Mills gauge theory associated to D4-branes. We show that 
the ABJM prescription for eleven-dimensional momentum in terms of magnetic 
flux lifts to an instanton flux of the effective flve-dimensional Yang-Mills theory 
on the sphere, giving an M-theory interpretation for these instantons. 
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1 Introduction 



The relation between the low-energy D4-brane theory and its corresponding M-theory 
counterpart, the low-energy M5-brane theory, poses some intriguing questions that are not 
fully resolved. The conventional understanding is that, since five-dimensional maximally 
supersymmetric Yang-Mills (MSYM) is power-counting non-renormalisable, it is only a low- 
energy effective description which UV completes to the (2,0) theory on S^. In [1, 2] it was 
argued, following earlier leads by [3, 4], that BPS Kaluza-Klein states of the compactified 
six dimensional (2, 0) theory on can be recovered as instanton-charged states of five 
dimensional MSYM in flat space. This gave rise to the proposal that the latter is not in 
need of a UV completion in order to reproduce the finite six dimensional CFT at strong 
coupling and is a well defined QFT in its own right. This proposal has recently received 
further study and support from [5-10]. 

In particular, the instanton number of five-dimensional MSYM was identified with units 
of Kaluza-Klein momentum in the (2,0) theory on a circle of radius R5 as 



Here we will see how this relation, and as a result the relation between the action and states 
of five-dimensional MSYM and the (2,0) theory, emerges in the context of the M2/M5 fuzzy 
sphere bound state arising from the Myers effect [11]. Some recent studies of M2/M5-brane 
systems include [12, 13]. 

The M2/M5 system is interesting in this context, since it is expected to admit both 
an M2- and an M5-brane weakly-coupled description at large A^. The former has been 
recently made accessible due to our enhanced understanding of M2-brane theories [14-18] 
and is given in terms of the mass-deformed ABJM theory of [19, 20]. The latter should be 
captured by an M5-brane theory partially wrapping The first result of this paper is 

to fill a gap in the literature and explicitly construct the M5-brane picture by establishing 
this equivalence for large-fc, where the M-theory circle shrinks in both descriptions. This 
is done by showing that the two theories share the same action for fiuctuations. We carry 
this out in all detail for irreducible solutions of the mass-deformed ABJM theory and an 
Abelian M5-brane. We also give a concrete prescription for the extension of this matching 
between reducible ABJM solutions and multiple M5-branes on S^. 

We then incorporate momentum around the M-theory circle and show that the agree- 
ment still holds: From the ABJM point of view this involves turning on fiux along the 
spatial worldvolume directions of the M2-brane theory. The associated charge is carried by 
the so-called monopole or 't Hooft operators. Our second result is that there exists a one- 
to-one map between this monopole charge and instanton charge in the five-dimensional 
MSYM on M?'^ x S*^ both in the Abelian and non-Abelian cases. Note that instanton 




(1.1) 
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charge in five-dimensional MSYM is not only carried by conventional self-dual gauge field 
configurations. 

Our results imply that there is a one-to-one map between both perturbative and non- 
perturbative states of the mass-deformed ABJM and five-dimensional MSYM theories. 
Since the former is the complete description of the M2/M5-brane system [21, 22], correctly 
capturing momentum along the M-theory circle, the same should be true for the latter. 
This provides strong evidence for the conjecture of [1, 2]. We also hope that this paper 
helps to clarify the role of instanton number as Kaluza-Klein momentum. 

This result further suggests that instantons are important even in the Abelian theory. 
For example, we could wrap the M2-branes on a torus so that the massive vacua describe 
a single fuzzy M5 on r2 X S^. In this case the ABJM prescription for eleven-dimensional 
momentum maps to smooth instantons in the Abelian D4-brane picture. This is consistent 
with the conjectures of [1, 2] but yet apparently different from the standard prescription 
coming from the reduction of the known equations of motion for a single M5-brane [23- 
25]. Thus there appears to be a duality between an Abelian D4-brane on X with 
instantons and an Abelian M5 description on x including Kaluza-Klein modes of the 
Hopf fibration ^ S^. 

The rest of this article is organised as follows: In Section 2 we consider the effective 
action of a single M5-brane in a four-form flux background. For states with no Kaluza- 
Klein momentum this is the same as a D4-brane in the associated type IIA background 
and we find that the brane is indeed stabilised at the correct radius as predicted by the 
gauge theory analysis. In Section 3 we then consider fluctuations of the D4-brane theory 
and show that this precisely agrees with the effective action calculated in [26] from the 
ABJM description of M2-branes in the same background. These calculations are in precise 
agreement with the ABJM analysis and provide a non-trivial check on the dual description 
obtained from a D4-brane. In Section 4 we discuss the extension of this analysis to multiple 
D4-branes or M5-branes. For static configurations these can be obtained by considering 
reducible, block diagonal, representations of the ABJM vacuum equations. Dynamically 
one must then also allow for off-diagonal modes whose effective action is given by Yang- Mills 
gauge theory. In Section 5 we show that the ABJM prescription for momentum around 
the M-theory circle in terms of worldvolume U(l) flux is precisely mapped to the instanton 
number in the D4-brane description. We comment on the M-theory interpretation of this 
result. Finally Section 6 contains our conclusions. 

2 Setup 

We want to consider an M5-brane probe in a particular flux background with^ 

G(^) = 2fi{dx^ A dx"^ A dx^ A dx^ + dx'^ A dx^ A dx^ A dx^°) , (2.1) 
^We work with conventions A = ^Ai^...ipdx^^ A ... A di'". 
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where we note the factor of 2. We observe that this solution is only at leading order in 
the fluxes. Due to gravitational effects there is a back-reaction on the geometry. The full 
solution is known [27, 28]: 

ds'^ = H-'^/'\-dt^ + dxl + dxl) + H^/'\dxl + ... + dxlQ) (2.2) 
G(^) = 2n{dx^ A dx^ A dx^ A dx^ + dx'^ A dx^ A dx^ A + d{H^^ - 1) A dt A dxi A dx2 , 

where by directly solving the 4- form equation of motion d-kG = A G we get^ 

H = l- i/xV^ . (2.3) 

This solution is clearly singular when ~ 0. Thus in order to trust the supergravity 
background we require that fj?r^ <C 1. 

N M2 probes were placed in this flux background in [28], leading to the derivation of 
the mass-deformed ABJM action of [19, 20]. Compared to the undeformed ABJM theory 
[18] there is a correction to the supersymmetry transformations of the M2-branes due to 
the flux, given by 

6i;A = i^D^Z'^eAB + [^^, Z'^- ZaVcd + {Z"" , ZoYac + ^M^^Z^ecD , (2.4) 

where A = 1,..., 4, [Z^, Z^; Z^] = ^(^^^c^^ - ^^^c^^) and 

/ 1 \ 



Ma^ = 2^ 
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(2.5) 



V -1 / 

Setting Z^ = Z'' = leads to the vacuum equation 

\Z^,Z^-Zb\=IiZ^ A,B = 1,2, (2.6) 

which is the one that was used in e.g. [20, 26], justifying the factor of 2 that appears in 
(2.1). In the presence of this flux, the M2's will exhibit a multi-pole coupling to M5-brane 
charge through terms / d^x C^^^Tr {DZ[Z, Z; Z]) + h.c. in an M-theory realisation of the 
Myers effect [11, 28, 29]. The resulting configuration is an M2/M5 bound state where the 
M2's have been blown up into an inside one of the sub-planes of the transverse eight 
dimensional space. 

For large N this M2/M5 bound state is expected to have an equivalent M5-brane 
description in terms of a spherical M5 in the same four-form flux background with an 
additional world volume self-dual flux H. The latter prevents the sphere from collapsing 
under its own tension. The system carries M2-brane charge through the coupling J C^^^ AH. 
Moreover, since in the ABJM description we have to consider the branes on a orbifold 



^Note that due to conventions we obtain a slightly different coefficient here than reported in [27]. 
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singularity, we also wish to think of the background, in the absence of flux, as M^/Z^ or 
(M^ X M^)/Zfc and then factor out a common U(l) fibre where the acts. 

In particular, we consider 'spherical' coordinates for and use the standard Hopf 
fibration of the unit S"^ 

dsls = ^ {cie^ + sin^ ed4>'^ + ((iV + cos 9d(f>f) , (2.7) 

with tp £ [0, 47r), 6 £ [0, vr] and <j) £ [0, 27r). Thus we proceed by considering the background 
geometry [30] 

ds'^ = H^y3{-dt^ + dxl + dxl) + H^/''^{dfi + rj{dTpi+Aif + dfi + r^{d^p2 + A2f) 
dff = dr^ + ^rf{d9f + sm^9,d4>h 

Ai = cos9~ . (2.8) 

Note that the 2-spheres have radius ^ and we have redefined V'i to have period 27r. We 
expect the M5-brane to blow-up into a 3-sphere with coordinates ^, 9, <j) and unit radius. 

Further defining 

^^2 = , (2.9) 

we want to implement the orbifold identification on ■0, so as to have "0 ~ "0 + and then 
to dimensionally reduce on that direction. To this end we introduce the variable 

xii = kR^'^ , (2.10) 

so that xii has dimensions of length and periodicity IttR^. We will use this coordinate 
every time we reduce down to ten dimensions. 

One can express 

2 2 

rl{d^i+Aif + rl{d^2 + A2f = -^^{d^ + Ai - A2f + {rl + rl){di^ + Af 

rf + r| 

rlA2 + {di/j + Ai)rl 
rf + 



A = rv'" ■ (2.11) 



Then, through the general reduction formula 

ds\^ = e-''''l^ds\^ + e^''l\dx^^ + C(i))2 , (2.12) 

we obtain 



ds\^ = yS+JlfH-^/2^-dt' + dxl + dxl) 



2^2 



drf + dfi + -^^^{d-tp + Ai- A2f 
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kR^ 
kR^A . 



3/2 



(2.13) 



We next consider the reduction of the lid flux: 



G^"^) = 2/i(dx^ A dx^ A dx^ A dx^ + dx'^ A dx® A dx'^ A dx^°) + A dxi A A 

= 2/i ^ rf sin 6'i(iri A dOi A #i A dV'i + dt ^ dxi A dx2 A dH^^ . (2.14) 



j=l,2 

From this we can compute 



^(3) = ^^rf sin OidOi A A d^i + (-H'"^ - A dxi A (i2;2 , (2.15) 



i=l,2 

so that the ten-dimensional 2-form is 



B = -f-—[rf sin OidOi A dcl)i + rUin02de2 A d(j)2] . (2.16) 
2kR^ 

We also need to look at 

= ^G(^)_ic(3) aG(^) (2.17) 
= 2fiH~^dt A dxi A dx2 A ^ rf sin 6'i(irj A (i6'i A d(j)i A d'i/'i + . . . , 

i=l,2 

where in the above the ellipsis denotes terms which will not be needed in the rest of the 

calculation, e.g. terms with no dt A dx^ A dx'^ factor. Thus in ten dimensions we can 
effectively use 

C^^^ = -(T7^H-^ + J7^)dtAdxiAdx2AY,rtsi^0id0i^d<P2 + -- - ■ (2.18) 



j=l,2 



2.1 Brane Embedding 

We now wish to introduce a brane probe into this background. In particular, we can 
consider either an M5-brane in the eleven-dimensional spacetime or, as in this section 
we are looking at static solutions where there is a U(l) isometry, a D4-brane in the ten- 
dimensional spacetime. Since the action for a D4-brane is unambiguous we chose to work 
with the latter. The D4-brane should extend in the t,xi,X2 directions and two more 
directions along an S'^. For definiteness, we will choose those to be 9i,(j)i. 

In addition, we would like to have a net D2-brane charge of N units in the system. As 
a result we require the presence of a background worldvolume flux 

4 

J-Q = AFo - P[B] = hxN - ^) sin^id^i A , (2.19) 
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with -Foei^i ~ 2Nsm9i, so that'^ 

Tm [ A (Fo - P[B]) = NTd2 [ Coudt A dxi A dx2 + . . . , (2.20) 

where NTd2 = An'^a' NTd^. In the definition of we have taken into account the pullback 
of the background -B-field, although its contribution to the D2-brane charge wih turn out 
to be subleading upon finding the vacuum of the theory. One can check that Fq satisfies 
the D4-brane equations of motion in a vacuum where the scalar fields are constant. 

With the above in mind, the general form for the effective action is 

S = -Td4J (fx e-'^^/-dei{g + F)-TDA j \P[C^^^] + P[C^^~^]^F +]^P[C^^^]^F ^F 

(2.21) 

where J-^y = {XF^j^u — P[B]fj_y), with A = lira', and g is the pullback of the spacetime 
metric. 

Let us now determine how the D4-brane is embedded. We will write 

ri = pcos^ 

r2 = psinC (2.22) 

and suppose that the brane is at some p = R. We then proceed to evaluate the effective 
action (2.21). The DBI term simply comes out of using the metric in (2.13) and the fiux in 
(2.1), while the CS terms come from the Coi2ei(/)i term in (2.18) and C012 terms in (2.15). 
Then, ignoring fluctuations, we obtain 



S = — cos ^ 1 d X sin 



+ cos^e -ik^^ +^^^°^^J- 



(2.23) 



We first note that minimising with respect to ^ we get sin,^ = =^ cos^ = 1, i.e. we 
are actually in the R = ri case. As a result in what follows we will simply set r2 = 0.^ 

Let us now expand the square root of (2.23). In the large N limit, i.e. to leading order 
in R"^ / XNkR^:, we have 

R^ HR^^ 



S = -Tda / d^'xsinOi 2XN + XNfi^R' + 



AXNk'^Rl kR, 
,2 N 2^ 



-T„, / sin 0, [2XN + XN,^R- (l - ^;^) j (2.24) 

-Tda j d^xsmOiViR) . 



•^Recall that the two-sphere has radius ^. 



''For the choice of the embedding of the D4 in the 62, 4>2 sphere, one would have obtained sin^ = 1 and 
as a result R — r2. 
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Note that here we have also expanded H ^ = 1 + ^fi'^R'^ by assuming the approximation 
fi^R'^ <^ 1 that was needed to ensure the validity of the supergravity solution. 

Clearly V{R) has stable vacuum solutions corresponding to radii 

Ro = and R^ = 2fiXkNR^ . (2.25) 

There is also a local maximum at Rq = ^fiXkNR^: which we discard. Our approximation 
R^/XNkR^ < 1, used in the square root expansion above, now becomes 

i?oM < 1 • (2.26) 

Note also that by construction 27ri?* is the periodicity of the eleventh dimension; x^^ = 
x^^ + 27rR^. Thus following the usual M-theory/Type IIA relations one can identify i?* = 
gJs and Ip = gl^^ls where gg = e^*^ and Is = \fa' . Therefore we find 

i?g = A-Kukl^N (2.27) 

and this agrees with the result from the M2-brane description given by Eq. (7.7) in [26]. 

Finally, if we make the choice -R* = , so that i?* is also the radius of the M-theory 
circle as measured at Rq in the eleven-dimensional metric, then we arrive at 

Ro = 2XnN . (2.28) 

This is exactly the value for the physical radius evaluated in Eq. (7.10) of [26] and corre- 
sponds to an M-theory configuration where the M5-brane is wrapping a fuzzy realised 
as the Hopf fibration 

S^/Zk ^ Sl/lk 4 si . (2.29) 
3 The action for fluctuations 

We next study fluctuations around the above solution for the bosonic fields. We first focus 
on the gauge field and radial scalar and then move on to the remaining scalar fields. 

3.1 Gauge fields and radial scalar 

Consider fluctuations with only d^SR and 6J- non- vanishing. The action has the form^ 

S = -Td4 J d'^xe-'^y/-det{Go + T)-TD4 J rf'^(^^Sei<^i + C'S-^Sk^i) , (3-1) 

where 

'^^lu = d^6Rdu6Rgrr + XSF^^, 

Gqhv = Qiiu + Fo^ly ■ (3-2) 

^The PfC'^'] A J- A J- term of (2.21) will result in subleading contributions and will hence be ignored. 
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Expanding to quadratic order in T we find 

S = -Tda J cfxe"'^y/-detGo (^1 + ^Tr (Gq^T) 



(3.3) 



Note that Gq can be evaluated from the previous section and is vahd for arbitrary but 
constant values of R. Explicitly we find 



Go 



( -1 \ 



HR^ 'EsmOi 
-Ssin^i HR^ sin'^Oi j 



where 



Therefore 



R ^ 2kR^ 



( -1 



~RH^ 



A-^H'^R'^sin'^ei -A^iSsin6li 



where 



Finally, as before, we have 



if" 



(3.4) 



(3.5) 



(3.6) 



(3.7) 



(3. 



In order to proceed, it will be useful to split 

Go^ = D + A, (3.9) 
with D diagonal and A antisymmetric. The action for fluctuations can then be written as 

S = -Td4 j d^xe"'^ V- det Gq (l + ^Tr {Dd6Rd6Rgr,r,) 



+iTV {A6T) + i[Tr {A5:F)]' - \tt [{D5Tf + {AS:Ff] 



(3.10) 
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First, we see that there is a hnear term in 5J- = \5F: 



-e^'^V-det GoTr {A5F) 



ikXNR, 



1 



4k\NR, 



(3.11) 



To evaluate the above we note that it has the form 

l-X 1 



where 



X 



^{l-XY + {l-Z)Yl-Z 



AkXNR^ 



Y 



Z = i/.2i?2 



(3.12) 



(3.13) 



Now in our approximation X,Y,Z <^ 1 but ah are of the same order (at R = Rq). Ex- 
panding R = Rq + 6R gives to leading order 

^e-'^V-detGoTr(A5F) = (l - + A5F,,^, 



A5F,,^, + A (^- g^2^r2fc2^2 + ^'^oj 5i?5F,,^,(3.14) 



The first term in the last line is a total derivative and can be discarded, which is compatible 
with the fact that the gauge field is on-shell. 

We also need to look at the terms quadratic in 6F. The quadratic terms involving the 
anti-symmetric part A cancel. In addition we note that to leading order, and for terms 
that involve quadratic fluctuations, we can simply take 



e^'^V-det Go 
H 

A 



D 



2XN 
1 

4A2iV2A;2R2 



i?2 

/ -1 



sm^ 01 



(3.15) 



R^ 

AX^N'^k'^R'i 



R^ , 



Putting these together we find 



S = -Td4 / d^xdOidc/iismei 



V{R) + AiVTr {Dd5Rd5Rg 



2Xfi^Ri 
sin 01 



5R5Fg^^^ 



X^N 



(3.16) 



Tr [{D5Ff 



9 



Next we need to expand R = Rq + 6R in the potential V{R). 



V{R) = 2XN + 4:f?XN{6Rf . 



(3.17) 



Combining all terms we arrive at 
2Xi?Rq 



Td4I^^ I d^xVdeth\2XN + Afi^XN{6Rf + XNd^dRd^'SR 
X^kR, 



sm di 
2XN 



'6Fe,^,SR + 



4/i 



1 + ^df,6Rd^'6R 



+- {X6F^^ - 2fx6RuOf,^) {X5F^"' - 2^i6Ruj'"') 



Toil^^ / d^x^/ det h 



(3.18) 



In the above the indices are raised and lowered with the metric on a spacetime R^'^ x S^, 
where the sphere has metric h, radius /i^^ and /i, = {0, 1, 2, 6i, 4>i\.^ In the last line we 
also used Rq = kR^, and have introduced the symplectic form on the sphere 



uj = V det h dOi A d^i . 



(3.19) 



Finally, by expressing the scalar field in terms of 5R = X5^, the action comes to the 
familiar form^ 



S 



1 



d^xVdet h 



(3.20) 



where = Agsls{2-Kf / Rqi^l.^ 



3.2 Fluctuation Analysis 

A few comments are in order: First, we note that Eq. (3.18) is the same result as the one 
for the action of fluctuations in the ABJM calculation of [26]. In particular, it is useful 
to compare the coefficient of the 6F^y5F^^ term between the 'M2' and 'D4' calculations. 
Examining Eq. (6.1) of [26] we see that 

Sm2 = / d'xVdit7lF^.F^" + . . . . (3.21) 

Note the additional coefficient of ^ compared to [26]. This arises because, when switching 
from matrices to geometry in the large- limit, one should make the identification 

^Tr — > ^ I d'^xVdeth , (3.22) 
A^ 47r 7^2 ^ ^ 

^The fact that the 5*^ has radius fi^^ instead of | is achieved by a scahng of the sphere metric. 
^We have dropped the constant term. 

*The overaU couphng can always be changed by a further simultaneous rescaling of all fields, since the 
action is quadratic. 
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i.e. including the normalisation where h is the metric on the unit 2-sphere while h 
is the metric on the sphere of radius that we are interested in. We observe that 
Tda = 27rR*TM5 = R*Tln = {2ti)-H-^R^. Noting that = gsh and = gsll we find 
T£)i}?R^ = (27r)~^. Then we have 

Soi = j (fxVd^5F^^5F^'^ + . . . , (3.23) 

which agrees exactly with (3.21) upon identification of Fm2 = SF^a- 

Thus the effective action obtained from examining fluctuations of M2-branes about a 
mass-deformed vacuum using the ABJM description precisely agrees with that obtained 
from a single D4-brane in type IIA in the same flux background. In particular, the com- 
ponents of the D4-brane gauge field along M^'^ can be identified with the overall U(l) of 
the U(A'^) diagonal subgroup coming from the Higgsing of the U(A^) x U(A^) ABJM gauge 
fields [26, 31, 32]. 

We will now argue that the above agreement is still valid in the case where the vacuum 
we expand around involves a nonzero constant F12 worldvolume flux. Clearly such a 
configuration is a vacuum solution to the mass-deformed ABJM equations of motion if we 
note the following fact: Turning on an equal U(l) background flux for the left and right 
ABJM gauge fields does not have any effect on the dynamics, since in this case 

D^Z"" = d^Z^ - i{Al - Al)Z^ = d^Z^, (3.24) 

and hence this particular flux does not couple to the matter fields. Hence one can turn 
on F12 without modifying the calculation for the action of fluctuations already present in 
[26, 31, 32]. Nevertheless this flux is important and corresponds to turning on momentum 
in the M-theory picture, in a fashion that we will describe in Section 5. 

Second, it might be surprising at first that the sphere metric appearing in (3.18) is 
not part of the pull-back metric on the D4-brane. However, this is not unusual: In the 
context of open string excitations in the presence of a closed string background with a 
B-field the open and closed string modes see a different metric. There is also an induced 
noncommutativity on the worldvolume theory, controlled by the parameter [33]. This 
has been observed beyond the flat brane case for the D0-D2 dielectric configuration in [34]. 

The open string metric and noncommutativity parameter are given by 
Giopenr=U — ^) and e^^^=[- — -) 

^ '^{closed) + '^^0 ^ symmetric \ Lr (^closed) + '^-'"O ^ antisymmetric 

(3.25) 

which are precisely our definitions of D and A respectively. Hence, up to the conformal 
factor due to the nontrivial dilaton, and once again in the limit where we make use of 
//^i?Q <^ 1, this is exactly what our fluctuations see. In particular, for the natural choice 
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which gives agreement with [26], i?* = the dilaton factor drops out and we have 



( -1 



v 



,,2 1 , 



and Q 



V 



2\N sine. 







/ 

(3.26) 

It is obvious that in our large- limit the noncommutativity parameter vanishes and the 
resulting theory is an ordinary U(l) gauge theory. However, its existence is important if 
the D4-brane action is to reproduce the fuzzy sphere geometry at finite A^. 

Finally, we note that the equation for a constant (VEV) is 



where a, 6 = Q\^^\. On the other hand the equation for bAa gives 



bFah = 2/i5$a;a6 + Gah 



(3.27) 



(3.28) 



where Gah satisfies d'^G, 



ah 



and a;"''G, 



ah = 0. This has the only solution Gah = and 



leads to a vanishing on-shell action. In the absence of the // deformation, the action —-^bF^^ 
would allow for constant flux solutions, 6Fah = cojab- However, these are not allowed in 
the case at hand, since (5<I> = is not a consistent truncation. Of course, we can still have 
constant flux solutions in the directions. 

In particular note that the action has an infinite class of vacuum solutions: 



5F 



ab 



n 



5^ = — 

4/i 



(3.29) 



with vanishing action and quantised flux n through S'^. However these solutions correspond 
to changing the number of M2-branes in the background by n and also the value of the 
stabilised radius. As such we should not consider them as valid solutions of the effective 
theory with the boundary conditions we have imposed (namely that there are a fixed 
number of M2-branes) . Indeed such solutions cannot arise if we assume that 6Aa is globally 
defined, 'small' fluctuation. On the other hand we will see that allowing for magnetic flux 
5Fi2 through the non-compact spatial dimensions plays the physical role of introducing 
eleven-dimensional momentum into the effective theory. 



3.3 Overall Transverse Scalars 

We now turn our attention to the overall transverse scalars, that is fluctuations in the 
directions transverse to both the D4-brane and the radius of the sphere. In order to study 
these fluctuations we revisit the expression for the ten-dimensional metric from (2.13). In 
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the limit — )• and H = 1 this can be approximated by 

dsl^ i^-dt^ + dxl + dxl + dp^ + p^{del + sin^ 9id(t)l\ 



kR^ 

+ {df + fidOl + sin^ 92d4) + + ^1 - A2fj 

P 



kR, 



■(^-df + dx\ + dxl + dp^ + P^idOj + sin^ 



+ dXl + dXf + dXl + dX| 

since the second hne of the above essentially describes the origin of in an foliation. 

Alternatively, one could have started with (2.8) in the limit where r2 — )• 0. In this 
limit one is fixed at the origin of the second factor (or parametrised by Z", where 
a = 1, 2) and as such the orbifold projection, with Z"e^ = z-^il + ^ + . . .) 

for large k, does not have an effect on the fluctuations in these directions: 



Z° ^ (0 + 5Z^) (^1 + ^ + . . ~ + . . . . (3.31) 

In summary, one could have started in the approximation where the background ge- 
ometry in the absence of fluxes is M^'^ X /Zfc X M'*, with M'^/Zfc realised in terms of 
an S^/ljk ^ 1%^ A S*^ foliation, to obtain exactly the same results for the D4-brane 
effective action and the action for fluctuations. 

Making use of the above, it is straightforward to modify our equations and include the 
fluctuations of the transverse scalars. One has that 

T^, = d^,5Rd,5Rgrr + X6F^, + d^6X"'dJX''gmn , (3.32) 

with m = 6,..., 9, so that we have an additional kinetic term ^T^t (^DOdX^OSX^g^ji^^^ 
resulting in 



~ I d^xVdet h 
9^ 



-5„<5$5^5$ + -^dJX"'d^'5X"' 

2 2A ^ ^3 33^ 



Note that since we are dealing with a D4-brane wrapping an 5^ there is a question about 
how to realise supersymmetry in the effective action. This requires twisting the theory by 
embedding the spin connection into a U(l) subgroup of the R-symmetry. We have flve 
scalars the latter of which transform under a global S0(4) ~ SU(2)^ x 811(2)^. 

We choose to twist the U(l)yi C SU(2)a. 

Usually, in the case of a one-complex-dimensional compactification, this twisting cor- 
responds to wrapping the brane on a nontrivial supersymmetric 2-cycle, realised by a 
holomorphic curve. Even though here the is contractible, it is prevented from collaps- 
ing by the worldvolume flux and the supersymmetry twisting works the same way as in 
the topologically nontrivial cases [31, 32, 35]. 
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It is straightforward to turn the S0(4)-invariant 5X^'s in terms of bosonic spinors on 
S"^. One can repackage them in terms of a new complex field 

through which we can rewrite the action as 

S = -\ ( (f'xVd^\\d^5^d^'5^+\ {8F^^ - 2^5^00^^) {SF^"^ - 2fi6<^uj^"')+df,qld^'q' 
9 J '-^ 4 

(3.35) 

In the above one can 'pull out' a Hopf spinor from the transverse scalars by defining 
q" = Q'^g"'- Then, following a large- version of the discussion in Sec. 5.3.3 of [31, 32], 
(3.35) contains exactly the kinetic and mass terms for the bosonic T-spinors on the S^, H, 
as given in Eq. (5.105) of that paper. 

Note that, when appropriately supersymmetrised as in [31, 32], (3.35) is the action for 
MSYM on M^.i x S"^, despite the presence of the mass terms. Indeed, consider for instance 
the case of A/" = 4 MSYM in four dimensions, arising on D3-branes. The theory on the 
M? X 5^ space conformally equivalent to has conformally coupled scalars, with the mass 
terms — ^<I>^ coming from TZ^^ (with TZ the Ricci scalar), and mass terms for the other 
fields related to it by super symmetry. For the T-dual D4-brane theory, the same thing 
happens. 

It is straightforward to obtain the quadratic action for the full D4-brane fields from 
the fluctuation action (3.35): One needs to replace d^6^d^5^ — > d^^d^^ and 5F^'^ — 
2fi5^oj'''' F^"'- 211^0;^", where F^"' = dF^^ + F^", <^ = ^Q + d<^ and F^" = 2n<^ooj'"' = 
2fj?Nu)'^'^ is the background solution. The full action thus obtained must admit the nonzero 
constant background Fq and also be compatible with the twisted supersymmetry of the 
theory, as explained below Eq. (3.33). 



4 Higher order terms and non-Abelian generalisation 

Until now we have only looked at quadratic Abelian fluctuations. However, it is useful to 
understand what happens to higher order terms, especially in view of generalising both the 
results of this paper and [26, 31, 32] to the non-Abelian case. Due to gauge invariance, we 
expect that in the interacting theory the partial derivatives 5^ are completed to covariant 
derivatives D^. However, even then one does not expect to see (5<I>" interactions with 
n > 2. We will explicitly check this in the following from the point of view of the M2-brane 
theory fluctuations. One should in principle also compute other possible higher order terms 
involving different combinations of fields, but we will not attempt that here. 

In order to proceed with the calculation, we should remind the reader some of the 
backdrop for [26, 31, 32]: For the case of the mass-deformed ABJM theory [20], the ABJM 
scalars split as = {R^^Q"), where a,d = 1,2. This reflects the breaking of the R- 
symmetry group SU(4) — t- SU(2) x SU(2). There is a set of zero-energy solutions where 
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= 0. Then the equations of motion reduce to the vacuum equation (2.6) 

= R'R^Rf^ - R^R^R'^ . (4.1) 

The solutions are given by R" = /G°, where / = and gL are (anti)bi- 

fundamental N x N matrices. The single (Abelian) D4-brane is obtained by considering 
irreducible G's satisfying (4.1), which were first given in [20]. The fluctuations around 
these vacua can be organised according to 

R- = fG^ + r^, Ri = fGi + ri 

A, = A,, = V'^^ • (4.2) 

We will sketch how to extend these solutions and fluctuations in order to obtain a non- 
Abelian theory towards the end of this section. Relevant identities needed for the calcu- 
lation, as well as a more precise definition of the continuum limit in which the matrices 
become functions on S'^, are given in the Appendix. 



4.1 Cubic and Quartic fluctuation action from potential terms 

Here we will extend the results of [26, 31, 32] for the action of fluctuations in the mass- 
deformed ABJM theory by including cubic and quartic powers (as well as higher orders) 
of the 'relative transverse' scalars. This corresponds to the radial scalar which we have 
been denoting as 6^ but, in order to keep with the conventions of that calculation, we will 
henceforth call simply <I>. 

With the ABJM potential being sixth order, one could a priori also get contributions 
to the fluctuation action coming from 0{^^), C'($^) interactions. Since such terms cannot 
appear from the D4 MSYM action that we are comparing against, it is important to check 
that they vanish. We find that this is indeed the case. 

The r" fluctuations of (4.2) can be further decomposed at large N in terms of^ 

r- = ^.pG'^ + ^KMai)$G^ , (4.3) 

where (cTj)^ = {cri}^ ^ are the transpose of the Pauli matrices, such that [^j, ^j] = — 2iejjfcCTfc, 
and Kf are components of Killing vectors on S'^, a = 9,(j). One of the four real degrees of 
freedom for the fluctuation does not appear in the final D4 action since it plays the role 
of a Goldstone boson, eaten by the gauge field during the Higgs mechanism that renders 
the ABJM CS-gauge field dynamical [36]. 

It is also useful to define 

G"gI = J^, J, = {a,)p^, J- = ^5^ + ij,(a,)^ (4.4) 
^This follows from Eq. (4.76) of [26]. 
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with [Ji, Jj] = 2i€ijkJk, 

The potential terms in the mass-deformed ABJM action relevant for cubic and quartic 
fluctuations are the sextic and quartic potential terms. The ABJM sextic potential 

^6 = ^E^- (4-5) 

i=l 



is composed of 



Vi = -Tr (Z'^ZaZ^ZbZ^Zc) 

V2 = -^{ZaZ'^ZbZ^ZcZ^) 

% = -ATv^Z'^ZbZ^ ZaZ^ Zc) 

Va = 6TY {Z^ZbZ^ZaZ^Zc) ■ (4.6) 



The quartic potential of the mass-deformed theory is 



Va = ^TV {R^^R\RP^Ri) . (4.7) 
k ' 



4.1.1 The and <1>^ terms 

From the sextic potential terms we get: 
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Vi = 




~16 




3 


V2 = 




"16 




12 


V3 = 




~16 




48 




~16 



\3 J-2r 



NfTr [^-V^^Vf ] - —fTr [$2 ^J^] 

1 9 

{N - 2)fTi {N - if fTr [¥ 

^ 16 



V' = ^{N-l)fTr[^''j;^'^>^Jl^] + ^N{N-lffTr[<^^] 
lb lb 
48 

+-(Ar -l)/2Tr[$3 (4.8) 
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Summing the above and using f = ^ 

- 4TV [$2 j|$ J7] _ i6Tr [$2 J^^ J^]) . (4.9) 
The contribution from the quartic potential is 

V4='^(Tr [2$Vf $2 jf ] - 2{N - ifTr [<^^]j . (4.10) 
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The total contribution for terms then is 



V = ^(^-{3N + l){N- ifTi [$^] + {7N - 2)Tr [^^ j^^^ jf ] + 16{N - l)Tr ] 

- 4Tr j^$J^$J2] - 16Tr [^^ J^^ J^]) . (4.11) 



We next need to manipulate the above using the identities in the Appendix. The 
potential contribution now becomes 

V = ^[-{N-l){6N-n)Tr[<^']-^^^^^TT[[J,,<^'U,<i>']]-{N 



- Sie.jkTr U, ^'][J,, «!>] Jfc$]j . (4.12) 

But in the classical limit [Jj, .] = —2iKfda and = Nx^, and -^Tr — )• ^ / (Pa\/ det h, 
so we get 

V^4 = ^ [ dVVdetir - 6iV3$4 ^ 3iv2(c)a$2)(aa$2) ^ N^{da<^^)id''<^)] , (4.13) 

since the ejjfc term is ~ io°''^dadb = 0. 

At this stage we need to note that in order for the action of fluctuations to result in 
an action on the 5^ , one had to rescale the Aa , and Q fields by in the classical limit 
(Eq. (6.5) of [26]). This means that all the terms evaluated above rescale to zero. 

As a result, we do not need to separately calculate the and terms, which might 
have led to higher derivative terms for $, since from the traces we can at most get A^^. 
Together with the A^ one gets when converting Tr to / this becomes at most N'^, which 
means that after the rescaling these terms vanish, as they should. 



4.1.2 The <I>^ terms 

We still need to check the contributions at order 0{^'^). From the sextic potential we get 



Vi 



20{N - 1) 



-fTr 



12A^ 



8 

6/3 



o ^3 

8 



12(A^ - l)2Tr + 12(A^ - 2)Tr J^„] + 8$ J^$j;^$ 

4A^(Ar - l)2Tr [$3] + 16(Af - l)Tr [$V°/3$J^c.] • 
Using the identities in the Appendix, we get for the terms in Vq 

V, = y^^[60(Ar-l)Tr[a>3]-(6Ar-21)Tr[[J„cl>2][J„cI>]] 
-6ieijkTT[[Ji,<^][Jj,<^]Jk<^] 



(4.14) 



(4.15) 
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whereas for the terms in V4 we get 
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STTfi f 4 r 



Tr [J"/3$V^a^] - (iV - l)^Tr [^>2] 



82L 




7. [(iV - l)Tr [a>3] + ixr [[ J„ [ J„ d,]] 



(4.16) 



In total, we have for the terms 



V = 




(4.17) 



but this again rescales to zero. 

In conclusion, the action for $ (with all other fields set to zero) is only quadratic. This 
is consistent with the fact that we expect there to be vacuum solutions of the form (3.29) to 
all orders. This in turn implies that any higher order power of that appears in the action 
must also be accompanied by higher powers of Fab- Therefore, if we consistently truncate to 
the two-derivative effective action then only quadratic powers of <^ should arise. However, 
we should note that this pertains only to the Abelian MSYM action on a single D4-brane. 
One would have to separately check whether the above arguments also generalise to the 
full non-Abelian case. 

4.2 Non-Abelian Generalisation 

We now sketch how one can extend the agreement for the action of fluctuations to the case 
of multiple M5/D4-branes. This needs to be implemented both from the M2 and D4-brane 
perspectives and while allowing fluctuations up to quartic order. 

From the M5/D4 side, the calculation is straightforward: One should use the non- 
Abelian form of the effective action (2.21) and keep cubic and quartic orders in fluctuations. 
By gauge invariance the result should be a non-Abelian generalisation of (3.33) where the 
partial derivatives are replaced by covariant ones. On the other hand, the derivation of the 
fluctuation action from the ABJM side is somewhat more involved. We will next set this 
up in detail. 

In the calculation of the Abelian theory, we have considered irreducible G's satisfying 
(4.1). In order to obtain the action for fluctuations for a full non-Abelian D4-theory on 
the S*^ through the procedure of [26] one needs to consider reducible representations, as 
in all matrix constructions of higher dimensional branes,^^ with each block independently 

^°Here it was essential that both A''^ and A'^^ terms cancelled before the classical limit, corresponding to 
divergent and finite terms in the limit. 
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See e.g. [37]. 
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satisfying (4.1). Of particular interest are the configurations which correspond to m copies 
of equally sized N x N blocks, since in that case the D4-branes are coincident and one 
expects a worldvolume gauge symmetry enhancement to U(m). 

The starting point for studying these configurations is to consider mass-deformed ABJM 
theory with gauge group U(A^m) x \J{Nm) and the solutions 

^NmxNm = G"' ® Imxm , G^aNmxNm = ^mxm , (4-18) 

where the G",gL are N x N matrices. Even though this might look like it is only going 
to describe a collection of non-interacting spherical D4's, the full interacting non-Abelian 
theory can be obtained by allowing the fluctuations to take values in the whole Nm x Nm 
matrix. These will capture all the 'open string' degrees of freedom, both on each as well 
as across different branes and can be expressed in terms of: 

= fG^'T^ + , Ri = fGlT^ + 

A^ = A^, = , (4.19) 

where T° = Imxm and e.g. 

r° = r^r° + rf , (4.20) 

with a traceless generator of SU(?n) and similar expansions for the rest of the fluctuating 
fields. 

It is then straightforward to see how the non-Abelian fields and interactions will arise. 
The trace over the Nm x Nm matrices factorises over the fluctuations (4.19)-(4.20) as 

TrAr^xArm "^^^ NxN^^ mxra ■ (4-21) 

In the large- limit this can be approximated by 

TrATmxAfm-^^ / (faVdethTimxm , (4.22) 

with a = 6,(j) and h the metric on the unit 5^. 

In this way the quadratic terms in the fluctuating flelds of the mass-deformed ABJM 
theory trivially become adjoint fields in the U(m) gauge group for the D4-theory on S^, 
as can be seen e.g. for the d^^d^^ part of the D^^D^^ non-Abelian scalar kinetic term 
and similarly for all other fields. 

In order to obtain the full theory, involving gauge interactions coming from the covariant 
derivatives, one needs to also include cubic and quadratic fiuctuations. This should be 
relatively straightforward, if not somewhat tedious. We have already seen that the Abelian 
parts of the and contributions are zero up to subleading terms in powers of Of 
course that does not exclude a priori terms of the type fahc^"''^^'^'^ or [$",$^]^, which 
have no Abelian component, and for which the off-diagonal-block fluctuation in the Nm x 
Nm matrix (corresponding to interactions between different branes) could give nonzero 
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contributions. One would also need to obtain [$, A]^ as well as the (9$[<l>, ^4] terms in order 
to reproduce the full scalar kinetic term, as well as the equivalent contributions for the 
gauge fields. 



5 Momentum, Fluxes and Instantons 

In the AB JM description of M2-branes [18] eleven-dimensional momentum modes are some- 
what obscured. The reason for this is that the natural action 

_^ ^ie^A ^ ^5 

is in fact a gauge rotation. Therefore it is not clear how to describe momentum modes 
along the U(l) that describes the common phases of the spacetime coordinates. However 
if we construct the Hamiltonian we find 

H = j d^xTT{UzAUzJ + TT{DiZ'^D'ZA) + V 

+Tr (iZ^UzA - iUzjA - ^F[^ (5.2) 



+TV (^zZaUz^ - zUzaZ^ + A§ 



where V is the potential, II^a = OqZa, and we have set the Fermions to zero for simplicity. 
As is usual in a gauge theory, the timelike components of the gauge fields give rise to 
constraints. Thus we find 

27r 
k_ 

2^' 



-Ft2 = iZ'^UzA-iUzjA 

-Ff^ = iUzaZ^ - IZa^Za ■ (5-3) 



In the case that the Z'^ are all diagonal with eigenvalues = A=e^^^ one sees 

v2 



that 



±ff, = ±F« = j:a„«-, (5.4) 

A 

Here we see that the 'missing' eleven-dimensional momentum around the common U(l) 
phase is given by the magnetic flux, F12. 

Let us now look at how the flux of the M2-brane worldvolume gets lifted to an instanton 
on the D4-brane. In the following we will denote the non-Abelian U(A^) gauge fields of 
the M2-brane worldvolume (after Higgsing) with a hat and the resulting D4 (M5) brane 
gauge fields without a hat. We note that according to the usual prescription of converting 
matrices to functions on the emergent two-sphere [26] one has the appearance of a relative 
normalisation factor along the directions: 

1 

iV" 
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We next need to consider the flux quantisation rule for A^, i.e. the AbeUan part of yl^. 
In particular, note that in a U(A^) gauge theory we see that 



F 

2tt 



Q 



( 1 



V 



+ 



(5.6) 



1 



where the ellipsis denotes terms in the Lie algebra that involve the traceless generators 
of U(iV) (i.e. those of the SU(A^) subalgebra). Thus we need to know the quantisation 
condition for the overall U(l) factor. To determine this we simply observe that a single 
U(l) generator can be written as 



/ 1 




/ 1 


\ 

















V 




I 


1 / 



+ ... 



(5.7) 



where again the ellipsis denotes trace-free generators of the Lie algebra. Since the left hand 
side has the standard Dirac quantisation 27rZ we conclude that the identity flux component 
has charge quantisation ^Z.^^ More mathematically this fractional quantisation condition 
arises because U(A^) ~ (U(l) x 'S\]{N)) /"Ln as discussed for M2-branes in more detail in 
[38]. Thus we see that 

(5.8) 



^ N 



with q £ 7j, and therefore 

1 



27riV 



TrF 



Q_ 

N ' 



(5.9) 



N 27r 
with q £ Z. 

Finally we remind that the D4 (M5) brane conflguration includes the background flux 
(2.19): 

^ F = N. (5.10) 



1 

2^ 
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With these ingredients we see that the instanton number is 



1 

8^ 



FAF 



1 

4^ 



F I F 

52 



(5.11) 



The D4-brane action on X 5^ has therefore states carrying nonzero instanton number 
equal to an arbitrary integer. 

We can extend this argument to the non-Abelian case corresponding to m D4(M5)- 
branes. Here the D4(M5)-brane background gauge fleld is 



1 

2^ 



/ iVi 



F 



52 



(5.12) 



^2 That is, if we allow for integer charges on the LHS then we must allow for fractional charges on the 
RHS. 
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To turn on momentum in ABJM we need to consider fluxes of the form 



1 

2^ 



F 



\ 



(5.13) 



Qm ) 



Such a flux arises from the reducible M2-brane Hux 

QllAfixATi 



1 

2^ 



F 



(5.14) 



To determine the quantisation rule for Qi we observe that 







V 



1 + . . . + iV„ 



/ 1 



V 



+ 



(5.15) 



1 



where again the ellipsis denotes trace-free terms. Since the coefficient on the right hand 
side must be of the form q/{Ni + . . . + Nm) we obtain that 



Qi G 



From these we deduce that the instanton number is 



1 

8^ 



Tr 



FAF 



1 

4^ 



Tr 



F I F 

52 



i 



QiNi = gi + . . . + 



(5.16) 



(5.17) 



Thus we see that the ABJM prescription for momentum through the eleventh dimension, 
given by magnetic flux, is precisely mapped into the instanton number in the D4-brane 
description. 

It is important to emphasise that the instanton states that we are referring to here 
are not necessarily the usual selfdual solutions but any state in the 5D MSYM theory 
which carries nonzero J F A F as a result of the fluxes. Indeed, one can see from the 
discussion at the end of Section 3.3 that the on-shell action for the configuration with 
Fi2 7^ and F""^ = F^^ (the only one allowed by the equations of motion), receives a 
nonzero contribution just from J" Ff2- Therefore the instanton number ~ J" F12 A Fg^^^ 
does not appear as the usual topological contribution to the on-shell action. One could of 
course also find customary instanton configurations, particularly in the non-Abelian case, 
where the dynamics of the sphere directions do contribute to the action. These would 
involve turning on nontrivial scalar fields while still having an on-shell action quantised in 
terms of the instanton number. 



5.1 M5-brane picture 

In Section 3.2 we mapped the action for fluctuations of the M2-brane action, including F12 
flux, to those of the D4-brane theory on X S"^. Moreover, we argued that turning on 
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this flux corresponds to turning on units of momentum around the M-theory circle. We 
now finally show that this is compatible with the expected spacetime interpretation of an 
M5-brane wrapping S'^/Z^. 

Let us consider the case of N M2-branes expanding into a single M5. For concreteness 
suppose that the spatial dimensions x^,x^ are compactified on a torus or size L. Without 
turning on any additional worldvolume fluxes the action is 

5 = -M = -— WvrL2 = -^, (5.18) 

where we have used once again that Td4 = (27r)~^/~^i?*, A = 2-kII, = Qglg and 1^ = gj^. 
This corresponds to an M5-brane wrapped on x S"^ (or a D4-brane wrapped on T"^ x S'^) 
in the presence of background four-form flux. 

Let us now include the effect of worldvolume flux. According to our discussion above, 
the allowed flux that corresponds to turning on q units of eleven-dimensional momentum 
is 

5^^12 = 1^ , g G Z . (5.19) 



The action becomes 



-Mfl + ii!^l 
V 2 VAr4L4 ) 



1 




(5.20) 

This precisely agrees with the action of a single M5-brane wrapped on X /Zfc that 
carries momentum such that the action is 5" = —^M'^ -|- (■^)^ when expanded to 
second order in q. 

Finally let us comment on the extra term that appears in the D4-brane analysis of the 
fluctuations that was mentioned in footnote 5. This term gives rise to a Chern-Simons 
like coupling on the five-dimensional Yang-Mills theory of the D4-brane: w A dbF A bA. 
If we include this term then one finds that solutions with non-zero instanton number are 
excluded. This may seem paradoxical, however we note that it is derived from the D4-brane 
effective action which, by construction, is not valid when there is non- vanishing eleven- 
dimensional momentum. Therefore the appearance of this term is consistent with the 
D4-brane analysis. On the other hand, as we have argued above, there is no obstruction to 
turning on magnetic flux in the ABJM theory and indeed this Chern-Simons term appears 
to be absent from the five-dimensional Yang- Mills effective action obtained from M2-branes 
[26]. It would be interesting to reconcile this observation with the recent results of [23, 24] 
and the role of supersymmetry. 
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6 Conclusions 



In this paper we have studied M2-branes in a background four-form flux. The resulting 
system expands via the Myers effect into M5-branes wrapped on a fuzzy S^. We computed 
the effective action of a static M5-brane in this background and showed that it stabilised 
at the same radius as predicted by the M2-brane gauge theory. In addition, by reducing 
to type IIA string theory, we derived the fluctuation action of the associated D4-brane 
wrapped on 5^. These are determined by five-dimensional MSYM and also agree with the 
fluctuations about the M2-brane vacuum that were obtained in [26]. 

We next considered the effect of introducing worldvolume magnetic flux into the world- 
volume description of M2-branes. According to ABJM [18] this corresponds to introducing 
momentum along the eleventh-dimension of M-theory. We showed that this was equivalent 
to introducing instanton flux in the five-dimensional MSYM description of the D4-brane 
theory. Since the ABJM description captures the full M-theory dynamics of M2-branes, we 
thus conclude that the five-dimensional MSYM theory on M^.i X S^, Eq. (3.35), when one 
includes all states carrying nonzero instanton charge, captures the full M5-brane degrees 
of freedom on M?'^ x S'^/Z^. This is in agreement with the conjecture of [1, 2]. 
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A Identities and formalism needed for cubic/quartic fluctu- 
ations 

In this Appendix we gather identities used in the calculation of <1>^, terms in the action 
for fluctuations. Most of these can be found in [26, 31, 32]. 

For and gI, we have the identities 

G"Gj, = J = iV-l gIG'' = J = N{1- Eu) (A.l) 

J = iVG" JGl = NGi (A.2) 

Jpl = {N- 2) + 6^ Jp^ = NJ . (A.3) 

In the continuum limit one can identify [Jj, •] = —2ieijkXjdk = —2iKfda and Xj = 
= , as well as Tr — )■ ^ J da'^ydeth, where h is the dimensionless unit metric on S'^, 



and the matrix fluctuations become fields on the sphere. 
Definitions and some identities for follow: 

Kf = — sin (f> Kf = — cot 9 cos ( 
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K2 = COS (f) K2 = — cot 6 sin cj) 

Ki = ^3=1- (A.4) 

The relations between Cartesian and spherical coordinates is 

xi = sin 6 cos </> 
X2 = sin 9 sin (j) 

= cos 6 . (A. 5) 

One can then explicitly evaluate the sets of identities 



ab 



h 

Further identities that were used for calculations include 

Xid^K^ = Lb"^ 



K^daKl = -^d^Vl. (A.6) 



eijkdaKtxjKt = 
eijkdaK^K^K^ X {sym.b o c) = 

{daXi)Kf = eijkXk . (A.7) 



Prom the last relation we also obtain 

idaXi)K^ = 
€ijk{daXi)KjXk = 2 

ei,k{daXi)K^Ki = 0. (A.8) 
Some useful identities for objects appearing in the sixth order scalar potential are 

Tr [J^AJ^B] = iIl—l^TT[AB] + ^Tt[AJ,BJ,] 

= N{N -l)TT[AB] + ^TT[[J,,A][Ji,B]] (A.9) 
Tr [AJ'^BJ^CJl] = [ABC] + ^^^T> [ABJiCJi + BCJiAJi + CAJiBJi] 

-'-e,jk^v[AJ,BJjCJk] (A.IO) 
Tr [AJ'^BJICJ^] = (^~^)^ Tr [ABC] + ^^^T> [ABJiCJ^ + BCJiAJi + CAJiBJi] 

+-^eijkTv[AJ,BJjCJk]. (A.ll) 
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In our case these translate into 



Tr[J?$2jf$2] 



TV [J^$Vf $] 



TV $ JJ] 



We also have 



{N- 
2 


L J 


= N{N 


- l)Tr [$^; 


{N- 
2 


^^'tv[«>4] 


= N{N 


- l)Tr [$^; 


{N- 
4 


^ TV[«>4] 



s2 T ,T,2 



-Tr 

4Tr[[ 
N - 1 



TV[2$Vi$Ji + $Vi$Vi] 



(A.12) 



(A.13) 



(A.14) 



(Af- l)2(2iV + l) 



N -1. 



Tr [cD^] + ^^Tr [2[J„ $][J„ $3] + [J„ $2] [J^, $2]^ 
fcj (A.15) 



--ei,fcTr[$2j.^j^.^j^ 
+^eyfcTr j^,] 



(Af-l)2(2Ar + l)^ ^^4^ , AT-l 



Tr [$^] + ^^Tr [2[J„ $][J„ ^-3] + [J„ ^^][J,, 
o 



+ -ei,fcTr[$2j.^j^.^j^] _ 



(A.16) 



€,,fcTr [Ji$J,$Jfe$2] = ei,-^Tr [[J,, $][Jj, J^^^^ ^ 2i(Ar2 _ i)Tr [$^] 



as well as 



Tr = N{N - 1)TV [^^J + Ixr [[Ji, $2][J., $]] (A.18) 

Tr [^rfs^jf.^^J^] = N\N - l)Tr + ^^X—lxr [[J^, $2] [J,, $]] 

o 

-^e,jfcTr[[J„c|>][J,-,cI>]J,,$] (A.19) 
TV [^J^^^J^^^J/^^] = (Af2 - AT - l)(Ar - l)Tr + ^^~^ Tr [[Ji, $2][J., $]] 



+-e,jfcTr[[J„$][Jj,$]Jfc4>] . 



(A.20) 
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